Abstract
An integrated computerized approach for design and stress analysis of low-noise spiral bevel gear drives with adjusted bearing contact has been developed.
The computation procedure is an iterative process, requiring four separate steps that provide: (a) a parabolic function of transmission errors that is able to reduce the effect of errors of alignment, and (b) reduction of the shift of bearing contact caused by misalignment.
Application of finite element analysis permits the contact and bending stresses to be determined and investigate the formation of the bearing contact. 
Pj ,P., Matrices of coordinate transformation from system S_ to system Sj Unit normal and normal to surface X k represented in coordinate system S_ Installment angle for head-cutter of the pinion (i = 1) and gear (i = 2)
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Relative velocity at contact point (i, j = 1,2, Cl, c 2, p, g)
Introduction
Spiral bevel gears have found broad application in helicopter, car and truck transmissions, reducers, etc. Design and stress analysis of such gear drives is a recent topic of research that has been performed by many scientists [1 -6] . Reduction of noise and stabilization of bearing contact of misaligned spiral bevel gear drives is still a very challenging topic of research although the manufacturing companies (The Gleason Works (USA), Klingelnberg-Oerlikon (Germany-Switzerland)) have developed analysis tools and outstanding equipment for manufacture of such gear drives. The phenomenon of design of spiral bevel gears is that the machine-tool settings of spiral bevel gears are not standardized and have to be specially determined for each set of parameters of design, to gnarantee the required quality of the gear drives.
A new approach is proposed for the solution of this problem that is based on the following considerations:
(1) The gear machine-tool settings are considered as given (adapted, for instance, from the Gleason summary). The to-be-determined pinion machine-tool settings have to provide the obse_,ation of assigned conditions of meshing and contact of the gear drive.
NASA/CR--2002-211344 (2) (3) The provided orientation of the bearing contact has to reduce its shift caused by the errors of alignment of the gear drive.
(4) The design procedure developed is an iterative process based on simultaneous application of local synthesis and TCA (Tooth Contact Analysis). The local synthesis provides assigned conditions of meshing and contact at the mean contact point of tangency of pinion-gear tooth surfaces. The TCA computer program can simulate the conditions of meshing and contact for the entire meshing process.
Finite element method (FEM) is used for stress analysis and the investigation of the bearing contact. A model of three contacting teeth complemented with the boundaries conditions is applied for the finite element analysis (FEA). The computer program applied for FEA can be found in Reference [7] .
The contact models are automated and does not require application of CAD computer programs.
Computer programs for synthesis, analysis, and automation of FEA are based on application of the same programming language. Graphic representation of results of computation is obtained by application of a commercially available graphic library.
Basic Ideas of Developed approach
Local Synthesis. The mean contact point M is chosen on gear tooth surface Y2 ( The computational procedure is divided into four separately applied procedures that are performed as follows:
Procedure 1: The purpose of the procedure is to obtain the assigned orientation of the bearing contact. The procedure is accomplished by the observation of the following conditions:
(a) The local synthesis and TCA are applied simultaneously whereas the variable parameter is m'_2 and parameters a and 02 are taken as constant. The orientation of 772 is initially chosen as a longitudinally oriented bearing contact. The errors of alignment are taken equal to zero.
(b) Using the output of TCA it becomes possible to obtain numerically the path of contact on gear tooth surface Z 2 and determine its projection L r on plane T that is tangent to Z 2 at M (Fig 1) .
(c) The goal of the iterative process (accomplished by simultaneous application of local synthesis and TCA) is to obtain /__') as the straight line for the process of meshing of the cycle -zc/N 1 <(91 <zr/N_. This goal is achieved by variation of re't2 and the sought-for solution is obtained analytically as follows:
(ii) Modified roll means that during the pinion generation the angles of rotation of the pinion and the cradle of the generating machine, designated as I/t I and t/t_, respectively, are related as
Here m k is the first derivative of function _1 (_cl) at I/r_ = 0 that is obtained by application of local synthesis [4] . The superscript j in Eq. (2) indicates that the j -th iteration is considered.
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Thepurpose of procedure 2 is thetransformation of thefunctionof transmission errorsA_ "_(t_j) obtained at the final step of Procedure 1. This goal is achieved as follows:
The local synthesis and TCA computer program are applied simultaneously and the errors of alignment of the gear drive are taken equal to zero.
(ii)
Ar_t n)
The function oftransmission errors_v-2 (01) istheoutputof TCA obtainedatthe n -thiteration fn} of Procedure I and isrepresented numerically. We represent A_2 (_i) as a polynomialfunction of thethird orderdesignated as 7/:
.
--u0 +al
considered. Function A02 (_1) = A0_ ") is obtained at the final iteration of Procedure 1.
(iii) The goal of Procedure 2 is to transform the function of transmission errors and obtain Errors of alignment of the gear drive will cause the shift of the bearing contact but they will not affect the obtained function of transmission errors since it is a parabolic function that is able to absorb the linear functions of transmission errors caused by misalignment [8 -10, 12] NASA/CR--2002-211344
Procedure 3 is performed asfollows:
(i) Computer programs developed for localsynthesis andTCA areagainappliedsimultaneously, but theexpected errorsof alignment aresimulated.
(ii) Theeffectof all errorsof alignment on theshift of thebeatingcontact is investigated separately. Thesensitivityof the shiftof L r is reduced by the proper choice of parameter r/2 (Fig. I) . Thus, the variable parameter of the local synthesis in Procedure 3 is 02.
(iii) Application of procedure 3 causes the resultant L r to be different from the longitudinally one. The deviation depends on the parameters of the gear drive to be designed, particularly of the gear ratio mi2 (see Section 6), and on the errors of alignment that are applied.
Procedure 4: After completion of Procedures 1, 2, and 3, the obtained pinion machine-tool settings guarantee that the designed gear drive is indeed a tow-noise gear drive with reduced sensitivity to errors of alignment (see numerical examples in Section 6).
The goal of Procedure 4 is the stress analysis and the investigation of formation of the bearing contact whereas the contact ratio is m c > 1 (see Section 5). The approach developed for finite element analysis (FEA) has the following advantages:
(1)
The computer language applied for automation of FEA is the same as applied for the synthesis and analysis of the gear drive.
The contacting model (formed by three teeth of the pinion and the gear and the boundary conditions) is determined automatically. There is no need in application of intermediate CAD computer programs to build the finite element models for application of FEA (see details in Section 5).
Derivation of Equations of Gear Tooth Surfaces
Introduction. Remember at this point that the machine-tool settings for the gear are considered as given and the to-be-derived equations allow the gear tooth surfaces to be determined. The head-cutter is provided with blades that are rotated about the Z s -axis of the head-cutter (Fig. 6 ) during the process of generation.
Both sides of the gear tooth are generated simultaneously. The profile of the blade consists of two parts ( Fig.  6 ): (i) of a straight line, and (ii) of a fillet formed by two circular arcs connected by a straight line. The blades by rotation about the Zg -axis form the head-cutter generating surfaces.
Applied Coordinate
Systems. Coordinate system S,,:, Sa2, Sb: are the fixed ones and they are rigidly connected to the cutting machine (Fig. 7) . The movable coordinate systems are S z and Sc2 rigidly connected to the gear and the cradle, respectively. Coordinate system Sg is rigidly connected to the gear head-cutter. It is considered that the head-cutter is a cone, and the rotation of the head cutter about the Zg - Figs. 7(a) and 7Co) show the installment of the head-cutter for right hand and left hand gears, respectively.
Procedure of Derivation.
The head-cutter generating surface is represented in coordinate system Sg by the vector function _ (Sg, 0 s ) where ss and Og are the surface parameters.
The family of generating surfaces is represented in coordinate system S_ rigidly connected to the gear by the matrix equation
where I//2 is the generalized parameter of motion.
The equation of meshing is represented as
is determined as [8, 10] 
or as [8] [9] [10] Here Ng (s s , Og ) the relative velocity represented in Sg.
is is the normal to the head-cutter surface represented in coordinate system S s and v s Equations (7) and (8) 
Derivation of Pinion Tooth Surfaces
Introduction.
The two sides of the pinion tooth surfaces are generated separately. The machine-tool settings applied for generation of each tooth side are determined separately, by application of Procedures l, 2, and 3 mentioned above.
Profile blades of pinion head-cutters are represented in Fig. 8 .
Applied Coordinate
Systems. Coordinate systems applied for generation of pinion are shown in Fig. 9 .
Coordinate systems Sin,, S_,, Sb, are the fixed ones and they are rigidly connected to the cutting machine.
The movable coordinate systems S_ and So, are rigidly connected to the pinion and the cradle, respectively. 
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where Np is the normal to pinion head-cutter surface Zp that is represented in Sp.
Equations (11) and (12i represent the pinion tooth surfaces by three related parameters.
Application of Finite Element Analysis
Application of finite element analysis permits the following:
(1) Investigation of the bearing contact when multiple sets of teeth may be in contact under load simultaneously.
(2) Determination of the contact and bending stresses.
Application of finite element method [13] requires the development of the finite element model mesh, the definition of possible contacting surfaces, and the establishment of boundary conditions to load the gear drive with the desired torque. Finite element analysis is performed by application of general purpose computer program [7] .
The authors have developed a modified approach to perform the finite element analysis that has the following advantages:
(a) The same programming language is applied for synthesis, analysis and generation of finite element models of the gear drives. Graphical interpretation of the output is obtained by using commercially available graphical subroutines.
(b) The generation of the finite element mesh required for FEA is performed automatically using the equations of the surfaces of the tooth and its portion of the rim. Nodes of the finite element mesh lying on the sections of tooth surfaces of pinion (gear) are guaranteed to be points of the real tooth surfaces of the pinion (gear). Loss of accuracy due to the development of solid models using CAD computer programs is avoided. The boundary conditions for the pinion and the gear are set automatically as well.
(c) Investigation of the bearing contact for a cycle of meshing permits investigation of the influence of the contact ratio m c (whereas the contact is formed on neighboring tooth surfaces if m c > 1 ) and find out the possibility of edge contact.
(d) There is no need to apply CAD computer programs for development of finite element models for finite element analysis.
The development of the solid models and finite element meshes using CAD computer programs is expensive, requires skilled users of used computer programs, and has to be done for every case of gear geometry and position of meshing to be investigated.
The developed approach is free of all these disadvantages and is summarized as follows:
Step 1: Using the equations of both sides of tooth surfaces and the portions of the corresponding rim, we may represent analytically the volume of the designed body. Fig. 10(a) shows the designed body for onetooth model of the pinion of a spiral bevel gear drive.
Step 2: Auxiliary intermediate surfaces 1 to 6 shown in Fig. 10(b) may be determined.
Surfaces 1 to 6 enable to divide the tooth in six volume sectors and control the discretization of these tooth subvolumes into finite elements.
Step 3: Analytical determination of node coordinates is performed taking into account the number of desired elements in longitudinal and profile direction (Fig. 10(c) ). We emphasize that all nodes of the finite element mesh are determined analytically and those lying on the tooth surfaces are indeed points belonging to the real surfaces.
Step 4: Discretization of the model by finite elements using nodes determined in previous step is accomplished as shown in Fig. 10(d) .
Step 5: Setting of boundary conditions for gear and pinion is automatic. Nodes on the sides and bottom part of the rim portion of the gear are considered fixed ( Fig. 1 l(a) ). Nodes on the two sides and bottom part of the rim portion of the pinion build a rigid surface (Fig. l l(b) ). Rigid surfaces are three-dimensional geometric structures that cannot be deformed but can perform translation or rotation as rigid bodies. They are also very cost-effective in time since the variables associated with a rigid surface are the translations and rotations of a single node, known as the rigid body reference node (Fig. 1l(b) ). The rigid body reference node is located on the pinion axis of rotation with all degrees of freedom except the rotation around the axis of rotation of the pinion fixed to zero. The torque is applied directly to the remaining degree of freedom of the rigid body reference node (Fig. 1l(b) ).
Step 6." Definition of contacting surfaces for the contact algorithm of the finite element computer program [7] is automatic as well and requires definition of the master and slave surfaces. Generally, the master surface is chosen as the surface of the stiffer body or as the surface with the coarser mesh if the two surfaces are located on structures with comparable stiffness. Finite element mesh for the pinion is more refined than the one for the gear due to larger curvatures. The gear and pinion tooth surfaces are considered as the master and slave surfaces, respectively, for the contact algorithm.
Numerical Examples
Three examples of design of face-milled spiral bevel gears with different design parameters have been accomplished for the illustration of the developed theory. Details of the examples of design are represented in Tables I to 4. The output from the computations for the examples given are represented in Fig. 12 that shows:
The bearing contact has a lon_tudinal direction in Example 1 for an aligned gear drive ( Fig. 12(a) ).
(ii) The bearing contact in Example 2 ( Fig. 12(b) ) is deviated from the longitudinal direction to reduce the shift of bearing contact caused by errors of alignment (see Table 5 ).
(iii) Example 3 of design ( Fig. 12(c) ) shows that the gear drive with a gear ratio close to 1 (N 2 / N t = 26 / 17) is very sensitive to errors of alignment. The shift of bearing contact due to misalignment is reduced by larger deviation of the bearing contact from the longitudinal direction (see Table 5 ).
(iv)
The function of transmission errors ( Fig. 12(d) ) for all three examples is indeed a parabolic function up to 8 arcsec of maximum amount.
Finite element analysishasbeenperformed for all threeexamples. Fig. 13showsthe three-pair-of-teeth finite element meshforexample 2. Fig.14shows thewholegeardrivefiniteelement mesh. Application of finiteelement analysis enables permitstheinvestigation of thebearing contact duringthecycle ofmeshing. Fig. 15shows theformation of thebearing contact in example 2attheheel position ofthegear.
Conclusions
Based on the study conducted, the following conclusions can be made:
An integrated computerized approach has been developed for design of low-noise spiral bevel gears with an adjusted bearing contact based on the following ideas:
A parabolic function of transmission errors of limited value of maximum transmission errors is applied. This permits linear discontinuous functions of transmission errors caused by misalignment to be absorbed.
(ii) The orientation of the bearing contact is adjusted to reduce the shift of contact caused by errors of alignment.
(iii) The approach developed is an iterative procedure based on simultaneous application of local synthesis and TCA (Tooth Contact Analysis) using modified roll for pinion generation.
(iv) The contacting model for finite element analysis is formed by three teeth and the boundary conditions, it is automatically designed and does not need intermediate CAD computer programs for application of finite element analysis.
(v)
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